Mr. Raúl,

I found your problem very interesting, and here I send a solution which I think is not too much complicated.

I answer both in english and in my mother language spanish (I am uruguaian)

1. Equation from an ellipse with center at (0,0) and axis oX y oY.

2. Rotate the major axis “a” an angle  (without moving the center).
3. Move the center of the ellipse to the point (xo,yo) maintaining the inclination  of the major axis.

4. The ellipse must be tangent to both coordinate axis: that gives two equations with variables xo,yo and parameter  .

5. Expand the squares: this is the most complicated part, but in the end we manage to clean a lot of terms.
6. We end up eliminating the parameter  between the two equations:
What remains is the relationship that must be held between xo and yo in order to verify the conditions of tangency. That is the equation of the locus.
1. Ellipse with

* center at origin (0,0),

* major axis “2a” (horizontal, direction ox)

* minor axis “2b” (vertical, direction oy)
E) (x/a)2 + (y/b)2   = 1
E) b2x2 + a2y2   = a2b2
2. Rotate the axis of the ellipse an angle  with respect to the ox axis.

In equation 1, substitute: x(xcos-ysen, y(xsen+ycos
E) x(1-cos) + y(1-sen) – 2xy2cossen – a(1-) = 0

I prefer to use only adimensional quantities whenever possible, like the excentricity .

=c/a; c2=a2-b2; b2=a2(1-2)

3. Move the center of the ellipse to the point (xo,yo), it is equivalent to the substitution x(x+xo, y(y+yo
E)

x(1-cos) + y(1-sen) – 2xy2cossen

+2x[xo(1-2cos2)-yo2cossen] + 2y[yo(1-2sen2)-xo2cossen]

+xo(1-cos) + yo(1-sen) – 2xoyo2cossen – a(1-) = 0

4. Intersection of the ellipse with the coordinate axis gives two quadratic equations; the condition of tangency is equivalent to the condition of double solution (discriminant equals zero).
4.x) 

x(1-cos) + 2x[xo(1-2cos2)- yo2cossen]

+xo(1-cos) + yo(1-sen) – 2xoyo2cossen – a(1-) = 0

Double root:

[xo(1-2cos2)-yo2cossen]2 = 

(1-cos).[xo(1-cos) + yo(1-sen) – 2xoyo2cossen – a(1-)]

4.y) 

y(1-sen) + 2y[yo(1-2sen2)- xo2cossen]

+xo(1-cos) + yo(1-sen) – 2xoyo2cossen – a(1-) = 0

Double root:

[yo(1-2sen2)-xo2cossen]2 = 

(1-cos).[xo(1-cos) + yo(1-sen) – 2xoyo2cossen – a(1-)]

5)After expanding the squares the equations appear to grow terribly!

But it is possible to eliminate a lot of redundant terms, and in the end we get:
5.x) xo2 = a2 (1-2sen2)

5.y) yo2 = a2 (1-2cos2)

xo varies between the limits xo=a (when =0) and xo=b (when =/2)

yo varies between the limits yo=b (when =0) and yo=a (when =/2)

6) Add both equations 5.x and 5.y, and eliminate  using sin2+cos2=1.
What remains is the relationship that must be held by xo,yo forall  in order to verify the conditions of tangency to both axis.
That is the equation of the locus.
xo2 + yo2 = a2 (1-2sen2)+ a2 (1-2cos2) = a2(2-2cos2-2sen2)
xo2 + yo2 = a2(2-2)

Using b2=a2-c2=a2(1-2) I get
xo2 + yo2 = a2 + b2
Maybe it was not a good idea to use the excentricity , perhaps I should have worked with a,b all the way long.
.

